Set out here are some fundamental theories that may be regarded as newly discovered metamathematics of the odd integers in relation to the Collatz conjecture (also called the 3x+1 problem). Originally motivated by the requirement to invent a new optimised integer factorisation method, this foundational paper primarily focuses on the foundation, formalisation and presentation of a new theoretical framework (schema or blueprint) of a Collatz based number system. The proposed framework is based on metamathematical theories meticulously derived through iterative analyses and reverse engineering (i.e., by hand and mathematical computations) of many large subsets of integers. A collation of the fundamental results from these analytical attempts has led to the establishment of a completely deterministic model of a generalised Collatz based number system that is fundamentally and strangely associated with nonchaotic patterns. The proposed Collatz based number schema comprises of both visual and theoretical representations of many hidden patterns in Collatz sequences yet to be reported in literature. This novel theoretical approach may be viewed as a new method to contemporary Collatz conjecture research which may be connected to the proofs of many other mathematical theorems in number theory and discrete mathematics.
Introduction
Consider the set of natural numbers N + = {1, 2, 3, 4, ...}, the Collatz mapping function f maps each integer n ∈ N + to another positive integer also in N + by the configuration
where the binary flag function b(n) = 1 is fixed if n is odd, otherwise b(n) = 0 [1] . Note that this representation is equivalent to the Collatz mapping function
if n ≡ 1 (mod 2), i.e., often used in literature. The iterative execution of f (n) always produces a sequence that terminates at 1 for any integer input n, according to the mathematician Lothar Collatz. This conjecture is known as the Collatz conjecture (CC) [2] , [3] , [4] and was first proposed in 1937. It is commonly known as the 3n+1 or 3x+1 conjecture [2] , [5] , [6] , [7] , Ulam conjecture, Thwaites conjecture, the Kakutani's problem, the Hasse's algorithm, and the Syracuse problem [8] , [9] . This problem is easy to state but extremely difficult to prove. Many mathematicians have investigated and written articles about the conjetcure [10] , [11] , [12] , [13] , [14] . We recommend the work of Lagarias [2] , [15] , [16] for comprehensive and annotated bibliographies on the subject. The principal aim of this paper is to document, collate and present the results of a newly proposed number system formalised for investigating the truth of the CC.
A new covering system and congruence classes modulo 18
Here we seek to formulate a simple covering system for the odd integers such that every odd integer may be represented by exactly one of the residue classes d i ≡ r i mod 18 and each residue class is a finite (or infinite) collection (i.e., reordered set) of integers congruent to any member of the set {u i1 (mod 2 1 3 2 ), . . . , u im (mod 2 m 3 2 )}. The covering system sought for the proposed Collatz number systems must be 1-cover, i.e., covers every integer exactly once. One of the objectives of this proposition is to develop a complete recategorisation of odd numbers based on both their residue classes and Collatz profiles (i.e., according to their 2 m divisibility properties after multiplying them by 3 and adding 1).
Definitions
Let σ ∞ (n) represent the total stopping time of an integer n under the Collatz system, where the symbol "σ ∞ " refers to "number of iterations it takes to get to 1" starting from the input n -this is often referred to as the total stopping time of n.
Define the term Collatz profile f (d i , m) as a representation of odd numbers d i congruent to r i mod 18 whose Collatz result 3d i + 1 is divisible by 2 m such that the optimised result = 5 implies that if the total stopping time of number 13 was σ ∞ (13) under the Collatz system, then the total stopping time of number 5 would be equal to σ ∞ (5) = σ ∞ (13) − (3 + 1) = σ ∞ (13) − 4, i.e., σ ∞ (13) = 9 and σ ∞ (5) = 5. Such simple inference (concept) may be used to prove the CC by reverse engineering, i.e., the relative inference of total stopping times.
Define r to be an odd number such that the following conditions are satisfied:
(1) 1 ≤ r < 18; (2) d i = 18V ri,m (n) + r i , n ≥ 0; and (3) 3di+1 2 m is odd. If V r,m (n) is defined as the multiplicative set (function) that uniquely identifies numbers of same residue class attributable to similar Collatz-like pattern (profile), i.e., V r,m (n) is regarded as a parameter set dependent on actual values of d i and r where d i is odd and congruent to r (mod 18), i.e., r ∈ S; where S = 1, 5, 3, 13, 17, 15, 7, 11, 9 . S is a reordered set of r. This set S establishes the connection between certain sets of integer numbers of one residue class in number system to other sets of other residue classes. The rationale behind this reordering of the residue classes is of utmost importance (as demonstrated and explained in the next section).
If we further stratify or reclassify every congruence class d i according to the result 3di+1 2 m , i.e., so that m is optimised and 3di+1 2 m yields an odd number result, how does d i relate to the variable m, the exponent of 2 m ? Are there scientific or theoretical evidences to support the claim that the metatheory behind such relations may be completely deterministic? Ultimately, what is the schema for the proposed generalised Collatz based number system? These are the theoretical questions considered in this paper.
From a theoretical point of view, the task of constructing a generalised schema of the Collatz based number system seems difficult, time consuming, and daunting. In practical terms, the difficulty associated with such tasks often seem more discouraging, because there is almost no guarantee of little or no recompense for the time invested. This is no longer the case. Here we present fundamental results that facilitate new theoretical perspectives on the Collatz conjecture and the generalised Collatz based number system.
The next section (Section 2) introduces a modified (optimised) Collatz function and briefly gives a gentle introduction about a new discovery that inspires better understanding and new perspectives on residue classes modulo 18.
The proposed metatheories of the Collatz based number system and its general proof are presented in section 3, including the proposed schemata comprising of a map of generalised Collatz based number system and corresponding map of (distinct and fundamental) total stopping time functions.
The fundamental relations between certain odd numbers
It is important to understand the fundamental relations between integers d i congruent to r mod 18 and these relations define the inferred collatz properties, i.e., the divisibility quantities: 2 m |(3d i + 1) analogous to the result [p] 54 where 1 ≤ p ≤ 54 and p must be odd. In other words, how can new covering subsystems be formulated for the residue classes of odd integers, classifying each subsystem according to the prescribed Collatz properties? This question requires a thorough understanding of: a) the mechanisms of Collatz sequence transformations from odd to odd integers; b) the formulation of a new covering subsystems for the entire set of odd integers; and c) the determination of (total) stopping time for every odd integer for the production of an irrefutable proof of the Collatz conjecture. The last point, which is not addressed completely in this foundational paper, requires a thorough analysis of the propose theoretical schema of the Collatz based number system, i.e., a complete understanding of the covering system of all odd integers.
The modified Collatz function
Introduce the modified Collatz function
where m is the maximum exponent such that the odd number d ∈ N + and the result f (n, m) is an odd integer, i.e., 2 m | (3d + 1) but 2 m+1 | (3d + 1) [1].
Residue classes modulo 18
Given that d is an odd number which belongs to only one of the following residue classes: where 
Cyclic recurrence relations between odd numbers
Let r i be a member of the finite set S = {1, 5, 3, 13, 17, 15, 7, 11, 9}; 1 ≤ i ≤ 9. This rearrangement of [r i ] 18 gives new insights into cyclic recurrence relations between the odd numbers: 
The metatheory and properties of odd Integers
We formulate and show how the arrays of d i that correspond to certain integers congruent to r i modulo 18 are defined, i.e., the d i = 18V ri,m (n) + r i , n ≥ 0 and 1 ≤ i ≤ 9 that satisfy the required optimisation condition 3di+1 2 m = odd. 
New theories about certain odd numbers
The proof of this major theorem requires enlisting all the possible d i and V i,m (n) values and demonstrating that the result
is always odd. This theorem alone requires 162 explicit proofs -one for every statement. For the purpose of brevity, the trivialities involved in the explicit proofs are all avoided.
Proof. When i = 1, r 1 = 1: When i = 2, r 2 = S(2) = 5 (note that the index of V below is 5): When i = 3, r 3 = S(3) = 3: When i = 4, r 4 = S(4) = 13 (note that the index of V below is 13): When i = 5, r 5 = S(5) = 17 (note that the index of V below is 17): When i = 6, r 6 = S(6) = 15 (note that the index of V below is 15): When i = 7, r 7 = S(7) = 7: When i = 9, r 9 = S(9) = 9: is bounded between 54n and 54n + 54, i.e., 54n < d inext < 54(n + 1) where n is a variable dependent on d i (as also prescribed in the proposed Collatz map in 3.19).
The implication of conj 1 is d inext must be congruent to residue a modulo 54n where 1 ≤ a ≤ 53 and a is odd. 
49) + 6 σ∞(54n + 11) + 7 σ∞(54n + 19) + 8 σ∞(54n + 23) + 9 σ∞(54n + 25) + 10 σ∞(54n + 53) + 11 σ∞(54n + 13) + 12 σ∞(54n + 47) + 13 σ∞(54n + 37) + 14 σ∞(54n + 5) + 15 σ∞(54n + 43) + 16 σ∞(54n + 35) + 17 σ∞(54n + 31) + 18
σ∞ (54n + 17) + 7 σ∞ (54n + 49) + 8 σ∞ (54n + 11) + 9 σ∞ (54n + 19) + 10 σ∞ (54n + 23) + 11 σ∞ (54n + 25) + 12 σ∞ (54n + 53) + 13 σ∞ (54n + 13) + 14 σ∞ (54n + 47) + 15 σ∞ (54n + 37) + 16 σ∞ (54n + 5) + 17 σ∞ (54n + 43) + 18 . . .
Odd d 2 next
↓ σ∞ (54n + 35) σ∞ (54n + 31) σ∞ (54n + 29) σ∞ (54n + 1) σ∞ (54n + 41) σ∞ (54n + 7) σ∞ (54n + 17) σ∞ (54n + 49) σ∞ (54n + 11) σ∞ (54n + 19) σ∞ (54n + 23) σ∞ (54n + 25) σ∞ (54n + 53) σ∞ (54n + 13) σ∞ (54n + 47) σ∞ (54n + 37) σ∞ (54n + 5) σ∞ (54n + 43) . . . 
Odd d 8 ↓ σ∞(54n + 17) + 2 σ∞(54n + 49) + 3 σ∞(54n + 11) + 4 σ∞(54n + 19) + 5 σ∞(54n + 23) + 6 σ∞(54n + 25) + 7 σ∞(54n + 53) + 8 σ∞(54n + 13) + 9 σ∞(54n + 47) + 10 σ∞(54n + 37) + 11 σ∞(54n + 5) + 12 σ∞(54n + 43) + 13 σ∞(54n + 35) + 14 σ∞(54n + 31) + 15 σ∞(54n + 29) + 16 σ∞(54n + 1) + 17 σ∞(54n + 41) + 18 σ∞(54n + 7) + 19 . . . Even 8 ↓ σ∞(54n + 17) + 1 σ∞(54n + 49) + 2 σ∞(54n + 11) + 3 σ∞(54n + 19) + 4 σ∞(54n + 23) + 5 σ∞(54n + 25) + 6 σ∞(54n + 53) + 7 σ∞(54n + 13) + 8 σ∞(54n + 47) + 9 σ∞(54n + 37) + 10 σ∞(54n + 5) + 11 σ∞(54n + 43) + 12 σ∞(54n + 35) + 13 σ∞(54n + 31) + 14 σ∞(54n + 29) + 15 σ∞(54n + 1) + 16 σ∞(54n + 41) + 17 σ∞(54n + 7) + 18 . . .
Odd d 8 next
↓ σ∞(54n + 17) σ∞(54n + 49) σ∞(54n + 11) σ∞(54n + 19) σ∞(54n + 23) σ∞(54n + 25) σ∞(54n + 53) σ∞(54n + 13) σ∞(54n + 47) σ∞(54n + 37) σ∞(54n + 5) σ∞(54n + 43) σ∞(54n + 35) σ∞(54n + 31) σ∞(54n + 29) σ∞(54n + 1) σ∞(54n + 41) σ∞(54n + 7)
. . .
Odd d 9 ↓ σ∞(54n + 41) + 2 σ∞(54n + 7) + 3 σ∞(54n + 17) + 4 σ∞(54n + 49) + 5 σ∞(54n + 11) + 6 σ∞(54n + 19) + 7 σ∞(54n + 23) + 8 σ∞(54n + 25) + 9 σ∞(54n + 53) + 10 σ∞(54n + 13) + 11 σ∞(54n + 47) + 12 σ∞(54n + 37) + Conjecture 3. An irrefutable proof of the Collatz conjecture essentially requires 18 fundamental formulae that represent the total stopping time functions of the fundamental covering system of odd integers.
Conclusions
A proposed proof of the CC essentially requires deriving the formulae for fundamental total stopping time functions for all odd integers or proving that all the [3] 36n+4x numbers eventually converge below these start points using the proposed Collatz based number system, which is both visually demonstrable and theoretically evident.
The proposed covering system of the generalised Collatz based number system requires about 162 distinct sets of odd numbers, from which any other integers could be derived. Each fundamental set of odd numbers corresponds to a single fundamental total stopping time function in the proposed schemata.
An irrefutable proof of the Collatz conjecture essentially requires 18 fundamental formulae that represent the total stopping time functions of the fundamental covering system of odd integers.
The Collatz map 3.19 has many applications. For example, a visual and ingenous method to classify odd numbers to appropriate residue classes modulo 18 is easy. This foundational paper may be regarded as a proposed "new mathematics" of the Collatz based number system.
The whole idea may be used as a new theoretical framework for teaching and understanding elementary number system. This novel theoretical framework is anticipated to open up new research and further development opportunities in number theory, dynamical systems, and discrete mathematics, including deterministic modelling, metamathematical and optimised integer factorisation, ergodic theory, dynamical systems, covering systems, cryptosystems and cryptography.
One of our aspirations is to further exploit and innovate the main results in visualisable algorithm development.
